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ɋɢɫɬɟɦɚ ɩɪɟɞɢɤɚɬɧɨɝɨ 
ɩɪɨɝɪɚɦɦɢɪɨɜɚɧɢɹ 
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ɢɫɯɨɞɧɵɣ ɤɨɞ ɜɧɭɬɪɟɧɧɟɟ 

ɩɪɟɞɫɬɚɜɥɟɧɢɟ 
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Гɟɧɟɪаɬɨɪ ɮɨɪɦɭɥ 

ɤɨɪɪɟɤɬɧɨɫɬɢ ɩɪɨɝɪаɦɦɵ 



ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ 

• ɐɟɥɶ: 
– ɪɚɡɪɚɛɨɬɤɚ ɢ ɪɟɚɥɢɡɚɰɢɹ ɫɢɫɬɟɦɵ ɜɟɪɢɮɢɤɚɰɢɢ 

ɩɪɨɝɪɚɦɦ ɧɚ ɹɡɵɤɟ P. 
 

• Ɂɚɞɚɱɢ: 
– ɪɟɚɥɢɡɚɰɢɹ ɝɟɧɟɪɚɬɨɪɚ ɮɨɪɦɭɥ ɤɨɪɪɟɤɬɧɨɫɬɢ; 

– ɬɪɚɧɫɥɹɰɢɹ ɮɨɪɦɭɥ ɜɨ ɜɧɭɬɪɟɧɧɟɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ SMT 

ɪɟɲɚɬɟɥɹ CVC3; 

– ɬɪɚɧɫɥɹɰɢɹ ɮɨɪɦɭɥ ɧɚ ɹɡɵɤ ɫɩɟɰɢɮɢɤɚɰɢɣ ɫɢɫɬɟɦɵ PVS; 
– ɚɩɪɨɛɚɰɢɹ ɪɚɡɪɚɛɨɬɚɧɧɨɣ ɫɢɫɬɟɦɵ ɜɟɪɢɮɢɤɚɰɢɢ. 

 

 

 



Кɥɚɫɫɢɱɟɫɤɢɟ ɦɟɬɨɞɵ 

• Ɇɟɬɨɞ Ɏɥɨɣɞɚ 

– “AssТРЧТЧР ЦОaЧТЧРs tШ 
prШРraЦs”, 1967  

 

 

 

 

• Ɇɟɬɨɞ ɏɨɚɪɚ 

– “AЧ aбТШЦatТМ basТs ПШr 
МШЦputОr prШРraЦЦТЧР”, 
1969 



Ɉɩɪɟɞɟɥɟɧɢɟ ɩɪɟɞɢɤɚɬɚ 

   

  A(X x: Y y) 

  pre P(x) 

  { 

      S(x: y) 

  } 

  post Q(x, y) 

  measure m(x); 

• A – ɢɦɹ ɩɪɟɞɢɤɚɬɚ 

 

• S – ɨɩɟɪаɬɨɪ 
– x, y – ɚɪɝɭɦɟɧɬɵ ɢ 

ɪɟɡɭɥɶɬɚɬɵ 

 

• [P(x), Q(x, y)] – 
ɫɩɟɰɢɮɢɤаɰɢɹ 
– P(x) – ɩɪɟɞɭɫɥɨɜɢɟ 

– Q(x, y) – ɩɨɫɬɭɫɥɨɜɢɟ 

 

• m(x) – ɮɭɧɤɰɢɹ ɦɟɪɵ 



ɉɪɢɦɟɪ 

ɇɈД(nat a, b : nat c) 
pre a >= 1 & b >= 1 

{ 

 if (a = b) 

  c = a 

 else if (a < b) 

  ɇɈД(a, b - a : c) 
 else 

  ɇɈД(a - b, b : c) 
} 

post gcd(c, a, b) 

measure a + b; 



Кɨɪɪɟɤɬɧɨɫɬɶ ɩɪɨɝɪɚɦɦɵ 

• L(S(x: y)) 
– ɥɨɝɢɤа ɨɩɟɪаɬɨɪа S(x: y)  
– ɫɢɥɶɧɟɣɲɢɣ ɩɪɟɞɢɤаɬ, ɢɫɬɢɧɧɵɣ ɩɪɢ ɡаɜɟɪɲɟɧɢɢ 

ɢɫɩɨɥɧɟɧɢɹ ɨɩɟɪаɬɨɪа S(x: в) 
 

• Corr(S, P, Q)(x)  
– Кɨɪɪɟɤɬɧɨɫɬɶ ɨɩɟɪаɬɨɪа S(x: y) 
– P(x)  [ L(S(x: y))  Q(x, y) ] & y. L(S(x: y)) 
 

• Corr*(A, P, Q)(x) 
– Кɨɪɪɟɤɬɧɨɫɬɶ ɪɟɤɭɪɫɢɜɧɨɝɨ ɩɪɟɞɢɤɚɬɚ A(x: y) 
– Induct(A, P, Q)(t)  Corr(A, P, Q)(t) 
– Induct(A, P, Q)(t) 
             u (m(u) < m(t)  Corr(A, P, Q)(u)) 



ɉɪɢɦɟɪɵ ɩɪɚɜɢɥ ɜɵɜɨɞɚ 

Corr(B, P & E, Q)(x);   

Corr(C, P & E, Q)(x) 

Corr(if (E) B(x: y) else C(x: y), P, Q)(x) 

 P(x) ⇒ z. L(B(x: z));    

 Corr(C, P & L(B(x: z)), Q)(x) 

Corr(B(x: z); C(z: y), P, Q)(x) 

ɍɫɥɨɜɧɵɣ ɨɩɟɪаɬɨɪ: 

Оɩɟɪаɬɨɪ ɫɭɩɟɪɩɨɡɢɰɢɢ: 



Ƚɟɧɟɪɚɰɢɹ ɭɫɥɨɜɢɣ ɤɨɪɪɟɤɬɧɨɫɬɢ 

• ɋɯɟɦɚ ɪɚɛɨɬɵ ɝɟɧɟɪɚɬɨɪɚ 

 

 

 

 

 

 

 

 

– ɉɪɟɨɛɪɚɡɨɜɚɧɢɟ ɨɩɟɪɚɬɨɪɚ 

– ɉɨɫɬɪɨɟɧɢɟ ɮɨɪɦɭɥ ɤɨɪɪɟɤɬɧɨɫɬɢ 

ɉɪɨɝɪɚɦɦɚ 

A(x: y); 

ɉɪɟɨɛɪɚɡɨɜɚɧɢɟ 
ɨɩɟɪɚɬɨɪɚ 

ɉɨɫɬɪɨɟɧɢɟ 
ɮɨɪɦɭɥ 

ɤɨɪɪɟɤɬɧɨɫɬɢ 

S' 

Ɍɟɨɪɢɹ 

ɍɫɥɨɜɢɹ 

ɤɨɪɪɟɤɬɧɨɫɬɢ 



ɉɪɟɨɛɪɚɡɨɜɚɧɢɟ ɨɩɟɪɚɬɨɪɚ 

{ 
    b = foo(a) 
    c = b 
} 

{ } 

c = b b = foo(a) 

“Ɋɚɡɜɟɪɬɤɚ” 

{ } 

foo(a: v) b = v 

{ } 

c = b 

ɉɪɟɨɛɪɚɡɨɜɚɧɢɟ 

{ } 

c = b foo(a: v) 

b = v 

ɍɩɪɨɳɟɧɢɟ 
{ 
    foo(a: v) 
    { 
        b = v; 
        c = b 
    } 
} 

“ɋɜɟɪɬɤɚ” 



ɉɨɫɬɪɨɟɧɢɹ ɮɨɪɦɭɥ ɤɨɪɪɟɤɬɧɨɫɬɢ 

 ɂɟɪɚɪɯɢɹ ɤɥɚɫɫɨɜ ɜɧɭɬɪɢ ɝɟɧɟɪɚɬɨɪɚ 

P, Q – ɤɨɧɴɸɧɤɰɢɢ 

Corr(P, S, Q)(x) 

Ʉɨɪɪеɤɬɧɨɫɬь 

A, B – ɤɨɧɴɸɧɤɰɢɢ 

A ⊢ B 

Сеɤɜеɧциɹ 

ɍɫɥɨɜие 

ɤɨɪɪеɤɬɧɨɫɬи 

Ai – ɤɨɧɴɸɧɤɬɵ 

A
1
 ⋀ ... ⋀ A

n 

Ʉɨɧъɸɧɤциɹ 

Ʉɨɧъɸɧɤɬ 

L(S) 

Ʌɨɝиɤа 

C – ɤɨɧɴɸɧɤɬ 

∃ x C 

Ʉɜаɧɬɨɪ 

F 

Ɏɨɪɦɭɥа 

S - ɨɩɟɪаɬɨɪ F – ɜɵɪаɠɟɧɢɟ 



ɉɨɫɬɪɨɟɧɢɹ ɮɨɪɦɭɥ ɤɨɪɪɟɤɬɧɨɫɬɢ 

 ɋɯɟɦɚ ɩɨɫɬɪɨɟɧɢɹ ɮɨɪɦɭɥ ɤɨɪɪɟɤɬɧɨɫɬɢ 

ɋɨɡɞɚɧɢɟ 
ɦɧɨɠɟɫɬɜɚ 

ɰɟɥɟɣ 

Ɇɧɨɠɟɫɬɜɨ 
ɰɟɥɟɣ 

ɉɪɢɦɟɧɟɧɢɟ 
ɩɪɚɜɢɥɚ 

ȿɫɬɶ 
ɰɟɥɶ? 

Corr(P, S', Q)(x) 
ɍɫɥɨɜɢɟ 

ɤɨɪɪɟɤɬɧɨɫɬɢ 

S' 

ɇɨɜɵɟ ɰɟɥɢ 

ɇɟɬ 

Ⱦɚ 



ɉɨɫɬɪɨɟɧɢɹ ɮɨɪɦɭɥ ɤɨɪɪɟɤɬɧɨɫɬɢ 

 ɋɯɟɦɚ ɩɪɢɦɟɧɟɧɢɹ ɩɪɚɜɢɥ ɜɵɜɨɞɚ 



Кɨɪɪɟɤɬɧɨɫɬɶ ɚɥɝɨɪɢɬɦɚ 

 Кɨɪɪɟɤɬɧɨɫɬɶ ɩɪɚɜɢɥ (sШuЧНЧОss) 
ɉɪɨɜɟɞɟɧɨ ɞɨɤɚɡɚɬɟɥɶɫɬɜɨ ɜ ɫɢɫɬɟɦɟ PVS 

http://www.iis.nsk.su/persons/vshel/files/rules.zip 

 

 Кɨɪɪɟɤɬɧɨɫɬɶ ɪɟɚɥɢɡɚɰɢɢ 

ɉɪɨɜɟɪɹɥɚɫɶ ɬɟɫɬɢɪɨɜɚɧɢɟɦ 



ɉɪɢɦɟɪ 

// Formulas 

formula P(nat a, b) = a >= 1 & b >= 1; 

formula Q(nat a, b, c) = gcd(c, a, b); 

formula m(nat a, b : nat) = a + b; 

 

// Lemmas 

lemma forall nat a, b. P(a, b) & a = b => exists nat c. c = a; 

lemma forall nat a, b, c. P(a, b) & a = b & c = a => Q(a, b, c); 

lemma forall nat a, b. P(a, b) & a != b & a < b 

      => m(a, b - a) < m(a, b) & P(a, b - a); 

lemma forall nat a, b. P(a, b) & a != b & a >= b 

      => m(a - b, b) < m(a, b) & P(a - b, b); 

 

 



Ɍɪɚɧɫɥɹɰɢɹ ɧɚ CVC3 

CVC3  
– ɫɢɫɬɟɦа аɜɬɨɦаɬɢɱɟɫɤɨɝɨ 

ɞɨɤаɡаɬɟɥɶɫɬɜа ɞɥɹ ɡаɞаɱɢ 
SMT 

 

• Ⱦɨɫɬɨɢɧɫɬɜɚ 
– Кɜɚɧɬɨɪɧɵɟ ɜɵɪɚɠɟɧɢɹ 
– ɉɨɞɬɢɩɵ 
– API 

 

• ɇɟɞɨɫɬɚɬɤɢ 
– Ɋɟɤɭɪɫɢɹ 
– ɉɚɪɚɦɟɬɪɢɱɟɫɤɢɟ ɬɢɩɵ 
– … 

 
 



Ɍɪɚɧɫɥɹɰɢɹ ɧɚ CVC3 

• Ɂɚɞɚɱɢ ɬɪɚɧɫɥɹɰɢɢ 

– Ɍɪɚɧɫɥɹɰɢɹ ɬɢɩɨɜ 

– Ɍɪɚɧɫɥɹɰɢɹ ɜɵɪɚɠɟɧɢɣ 

– Ⱥɧɚɥɢɡ ɪɟɡɭɥɶɬɚɬɚ ɪɚɛɨɬɵ ɪɟɲɚɬɟɥɹ 



ɉɪɢɦɟɪ 

lemma valid forall nat c, nat a, nat b. 
 PИɍɦɧ(a, b) & a = 0 & М = 0 => QИɍɦɧ(a, b, М); 
 
lemma unknown forall nat a, nat b. 
 PИɍɦɧ(a, b) & a = 0 => (exists nat c. c = 0); 
 
lemma valid forall nat c, nat a, nat b, nat d. 
 QИɍɦɧ(a - 1, b, Н) & PИɍɦɧ(a, b) & a != 0 & М = b + Н 
  => QИɍɦɧ(a, b, М); 
 
lemma unknown forall nat a, nat b, nat d. 
 QИɍɦɧ(a - 1, b, Н) & PИɍɦɧ(a, b) & a != 0 
  => (exists nat c. c = b + d); 
 
lemma valid forall nat a, nat b, nat e, nat f, nat g, nat h. 
 h = a - 1 & f = a - 1 & g = b & a >= 1 & e = b 
  => g = e & h = f; 



Ɍɪɚɧɫɥɹɰɢɹ ɧɚ PVS 

PVS 

– Иɧɬɟɪаɤɬɢɜɧɵɣ 
ɞɨɤаɡɵɜаɬɟɥɶ ɬɟɨɪɟɦ 
(theorem prover) 

 

• ɉɪɟɢɦɭɳɟɫɬɜɚ 

– Ɉɛɥɚɞɚɟɬ ɹɡɵɤɨɦ 
ɫɩɟɰɢɮɢɤɚɰɢɣ ɜɵɫɨɤɨɝɨ 
ɭɪɨɜɧɹ 

– Ɇɨɞɭɥɶ ɞɨɤɚɡɚɬɟɥɶɫɬɜɚ 
ɢɦɟɟɬ ɪɚɡɜɢɬɭɸ ɫɢɫɬɟɦɭ 
ɤɨɦɚɧɞ 



Ɍɪɚɧɫɥɹɰɢɹ ɧɚ PVS 

• Ɂɚɞɚɱɢ ɬɪɚɧɫɥɹɰɢɢ 

– Ɍɪɚɧɫɥɹɰɢɹ ɮɨɪɦɭɥ ɢ ɥɟɦɦ 

• lemma E1 – ɥɟɦɦɚ 

– Ɍɪɚɧɫɥɹɰɢɹ ɬɢɩɨɜ 

– Ɍɪɚɧɫɥɹɰɢɹ ɜɵɪɚɠɟɧɢɣ 

• a & b or c – ɜɵɪɚɠɟɧɢɟ 

– Ɍɪɚɧɫɥɹɰɢɹ ɢɞɟɧɬɢɮɢɤɚɬɨɪɨɜ 

 



ɉɪɢɦɟɪ 

L1: LEMMA 

    FORALL (number: nat, j: nat): 
        ((1 /= number) AND (0 = (rem(number)(j))) AND P_MaxPrime(number)) 
            IMPLIES ((m_MaxPrime(number / j, j) < m_MaxPrime(number, j)) 
   AND (0 /= j) AND P_MaxPrime(number / j)) 
 
L2: LEMMA 

    FORALL (number: nat, j: nat): 
        ((0 /= (rem(number)(j))) AND (1 /= number) AND P_MaxPrime(number)) 
            IMPLIES ((m_MaxPrime(number, 1 + j) < m_MaxPrime(number, j)) 
   AND P_MaxPrime(number)) 
 
L3: LEMMA 

    FORALL (number: nat, j: nat, result: nat): 
        ((1 /= number) AND (0 = (rem(number)(j))) AND P_MaxPrime(number)  
 AND Q_MaxPrime(number / j, j, result)) 
            IMPLIES Q_MaxPrime(number, j, result) 



Ⱥɧɚɥɢɡ ɪɚɛɨɬɵ ɫɢɫɬɟɦɵ 
ɜɟɪɢɮɢɤɚɰɢɢ 

• «Ɏɨɪɦаɥɶɧɵɟ ɦɟɬɨɞɵ ɜ ɨɩɢɫаɧɢɢ ɹɡɵɤɨɜ ɢ 
ɫɢɫɬɟɦ ɩɪɨɝɪаɦɦɢɪɨɜаɧɢɹ» 

 

• ȼ ɬɟɫɬɢɪɨɜɚɧɢɢ ɭɱɚɫɬɜɨɜɚɥɨ 10 ɩɪɨɝɪɚɦɦ 

• Ȼɵɥɨ ɫɝɟɧɟɪɢɪɨɜɚɧɨ 363 ɮɨɪɦɭɥɵ 

–  103 ɮɨɪɦɭɥɵ ɫɟɦɚɧɬɢɤɢ 

–  260 ɮɨɪɦɭɥ ɤɨɪɪɟɤɬɧɨɫɬɢ 

•  14% ɮɨɪɦɭɥ ɨɤɚɡɚɥɢɫɶ ɬɪɢɜɢɚɥɶɧɵ 

 



Ⱥɧɚɥɢɡ ɪɚɛɨɬɵ ɫɢɫɬɟɦɵ 
ɜɟɪɢɮɢɤɚɰɢɢ 

• Ⱥɧɚɥɢɡ ɪɚɛɨɬɵ ɝɟɧɟɪɚɬɨɪɚ ɮɨɪɦɭɥ ɤɨɪɪɟɤɬɧɨɫɬɢ 

• Ɂɚɜɢɫɢɦɨɫɬɶ ɩɨɱɬɢ ɥɢɧɟɣɧɚɹ 

• ɇɟɞɨɫɬɚɬɨɱɧɵɣ ɨɛɴɟɦ ɜɵɛɨɪɤɢ 
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Ɏɨɪɦɭɥɵ ɤɨɪɪɟɤɬɧɨɫɬɢ: Ɏɨɪɦɭɥɵ ɫɟɦɚɧɬɢɤɢ: 



Ⱥɧɚɥɢɡ ɪɚɛɨɬɵ ɫɢɫɬɟɦɵ 
ɜɟɪɢɮɢɤɚɰɢɢ 

• Ⱥɧɚɥɢɡ ɪɚɛɨɬɵ ɪɟɲɚɬɟɥɹ CVC3 

• 72% ɮɨɪɦɭɥ ɫɟɦɚɧɬɢɤɢ ɩɪɨɲɥɢ ɩɪɨɜɟɪɤɭ ɜ CVC3 

• 45% ɮɨɪɦɭɥ ɤɨɪɪɟɤɬɧɨɫɬɢ ɩɪɨɲɥɢ ɩɪɨɜɟɪɤɭ ɜ CVC3 

• 53% ɮɨɪɦɭɥ ɩɪɨɲɥɢ ɩɪɨɜɟɪɤɭ ɜ CVC3 



Ɋɟɡɭɥɶɬɚɬɵ 

• ɉɨɫɬɪɨɟɧɚ ɫɢɫɬɟɦɚ ɩɪɚɜɢɥ ɜɵɜɨɞɚ ɮɨɪɦɭɥ 
ɤɨɪɪɟɤɬɧɨɫɬɢ; 

• ɉɨɫɬɪɨɟɧɚ ɦɨɞɟɥɶ ɫɢɫɬɟɦɵ ɜ PVS; 

• Ɋɟɚɥɢɡɨɜɚɧ ɝɟɧɟɪɚɬɨɪ ɮɨɪɦɭɥ ɤɨɪɪɟɤɬɧɨɫɬɢ; 

• Ɋɟɚɥɢɡɨɜɚɧɚ ɬɪɚɧɫɥɹɰɢɹ ɧɚ CVC3; 

• Ɋɟɚɥɢɡɨɜɚɧɚ ɬɪɚɧɫɥɹɰɢɹ ɧɚ PVS; 

• ɉɪɨɜɟɞɟɧɚ ɚɩɪɨɛɚɰɢɹ ɫɢɫɬɟɦɵ ɜɟɪɢɮɢɤɚɰɢɢ. 
 


